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Abstract-Recent theoretical studies of the propagation of one-dimensional shock waves in nonlinear visco
elastic materials have considered the influence of the strain gradient immediately behind a propagating shock
front on the amplitude of the wave. In particular, the growth or decay behavior of the wave depends upon the
relative magnitude of the strain gradient and a critical strain gradient which depends upon the material response
properties. Here we apply the results of these studies to a particular constitutive model for a thermoviscoelastic
material and determine the critical strain gradient and shock amplitude equation in terms of material response
functions and thermophysical properties. The results are exhibited for a particular polymeric solid (PMMA)
and compared to experimental results obtained in steady wave studies.

1. INTRODUCTION

IN A recent study of shock waves in nonlinear viscoelastic materials, Chen and Gurtin [IJ
considered the influence of thermodynamic effects on the growth and decay of a prop
agating shock front. They showed that the amplitude ofa compressive shock front entering
unstrained material at rest and at constant entropy depends upon a quantity Acalled the
critical strain gradient which itself depends on the mechanical and thermodynamic re
sponse functions of the material.

In the present study, we use a constitutive model developed for predicting steady-wave
behavior in nonlinear thermoviscoelastic solids [2J along with response data for a par
ticular polymeric solid (polymethyl methacrylate (PMMA)) to determine the critical
strain gradient. The response data includes material functions obtained from experimental
steady-wave studies, thermophysical properties and acoustic data. The calculated strain
dependent critical strain gradient is cotppared to experimental results obtained from
steady shock wave experiments.

Further, assuming that the strain gradient behind the shock front remains constant,
the amplitude variation of a propagating shock front is shown for the case where the wave
is predicted to, (i) grow and (ii) decay.

2. SHOCK AMPLITUDE EQUATION-eRITICAL STRAIN GRADIENT [IJ

In one dimension, a homogeneous viscoelastic material which does not conduct heat
can be characterized by a constitutive assumption for the free energy IjJ in terms of the
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history of the strain f/ = e(t -s) and the history of the absolute temperature ()I = (J(t-s) > 0:

l/J = lfr(e', 0' ).

Here, e (!xu, the function u(X, t) being the displacement of the material point X at time t.
Under suitable smoothness assumptions, it follows from the second law of thermodynamics
that the stress a and entropy 'l are given by (see Coleman [3])

(J = &(e',O') = c.lfr(e', (}I), (1)

'l = q(e',O') = -o(Jlfr(e', (}I), (2)

where the partial differentiation is with respect to the present value of the argument. The
internal energy is determined by

(3)

(4)

Following Chen and Gurtin [1], we assume that for small relative strains y and tem
peratures cp the material can be approximated by a linear viscoelastic material. Thus,
if (S', O') are given histories, then

&(e' + y', (J' + cp') = &(s', 0')+ G(O)y'(O) + Loo

G'(S)Y'(S) ds

+F(O)cp'(O)+ 50
00

F(s)cpl(s)ds+o(lly'll +llcp'll)

as (1Iy'll + Ilcp'll) -4 O. The quantities G(s) and F(s) are called the stress-strain relaxation
function and the stress-temperature relaxation function, respectively. Further, we assume
that e(e' + y', O'+cp') can be approximated by an analogous equation involving an energy
strain relaxation function H(s) and an energy-temperature relaxation function 1(s). All of
these functions depend, in general, on the underlying histories s' and (J'.

Anticipating the appropriate underlying history for shock propagation, we define the
jump history

s = 0,

s>O
(5)

with 00 the reference temperature corresponding to the unstrained state. Then

&(SI(S), (JI(S» = al(e, (J),

e(el(s), (J1(S» = eie,O)

are the instantaneous stress and internal energy functions. The quantities

(ETh = D.al = G(O),

Al = Deal = F(O),

Xl o(Jel = 1(0)

(6)

(7)

(8)

are called instantaneous isothermal tangent modulus, instantaneous stress-temperature
modulus, and instantaneous specific heat, respectively. We assume, as is natural, that

(9)
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In terms of (ET)I' the isentropic tangent modulus EN is given by

OA 2

EN (ET)1 +_1 > O.
Xl

It will be useful in what follows to also define the stress-energy modulust

r = AI.
Xl
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(10)

(11 )

(12)

Here a shock wave is considered to be a propagating singular surface with velocity V
across which the motion is continuous but the particle velocity Ii, strain e, temperature 0,
and their derivatives suffer jump discontinuities. It is further assumed that the shock is
compressive and that the wave is entering unstressed, unstrained material at constant and
uniform temperature. Taking compressive stress and strain as positive, the following shock
amplitude equation is obtained for the strain jump e across the shock front :t

de
dt = B{A-(axe)},

where

(13)

(14)

and p" is the reference density. The quantity I" given by

Ie = - ~:EN {-G'(O)e+F'(O)(O-Oo)-r[ -H'(O)e+J'(O)(O-Oo)]}' (15)

is called the critical strain gradient. We expect that for a reasonable range of strain levels
I. < 0 (which is the case for PMMA, at least for e < 0·04). The functions B and Ie are
functions only of the strain amplitude since immediately behind a shock wave the tem
perature and the strain are related through the well-known Hugoniot relation

(16)

In order to establish the relative influence of I. and the strain gradient behind the shock
(axe) on the wave amplitude e, the sign of B must be determined. Using the Hugoniot
relation (16), Nunziato and Herrmann [4J have shown that the shock velocity Vis always
subsonic with respect to the material behind the wave, i.e. 0 < ~ < 1. If it is also assumed,
as is the case for most materials, that r > 0 and that the Hugoniot stress-strain curve is
one-to-one, then it can also be shown that fJ > O.§ Thus, B > 0 and it follows that,ll the
amplitude of a compressive shock wave entering unstrained material at rest and at uniform
temperature will {grow, remain steady, decay} according to whether the critical strain
gradient Ie is {greater than, equal to, less than} the strain gradient behind the wave, (axe).

t r is often called the Griineisen ratio.
t Cf. Chen and Gurtin [1].
§ See, e.g. Nunziato and Herrmann [4]. Chen and Gurtin [I] follow a similar argument.
II Cf. Chen and Gurtin [1].
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3. THERMOVISCOELASTIC MODEL

In a recent study of steady shock propagation in nonlinear viscoelastic solids [2J, we
specified a particular form for the constitutive equation for the free energy of the material
which yielded the following constitutive equation for the stress. (j at a point X in the
material:

where

~(ct) = I' +I'" .f'(s)c(t - s) ds,

"(01
) = - ;Jgoo+ fooc g'(s)8(t-s) dsJ

(17)

(18)

(19)

(20)

Similarly, the free energy yields an equation for the internal energy which takes the form

o
e(t) = eE(c, 0) +tK(c){ ~(Cl)+,,(OIW + K(c)go lj( ~(Cl)+"(OIl).

o

In (17) and (20), (jE(C, 0) and eE(c, 0) are equilibrium functions and represent the response
of the stress and energy corresponding to constant values of strain and temperature for
all time. The functions K(c), f(s) and g(s) are material response functions with f(s) > 0 a
mechanical relaxation function and g(s) > 0 a thermal relaxation function. We assume
f( (0) = g( (0) = 0 and write go = g(O),.I;, = f(O), with f(s) normalized such thatf~ = 1.

To relate these response functions to the relaxation functions defined in the stress
equation (4) and the analogous equation for the internal energy, it is necessary to compute
the derivatives of (17) and (20) with respect to the relative strain/temperature history and
evaluate them for the appropriate underlying history. t Carrying out this differentiation and
evaluating the results for the jump history (5) yields the following identification between
the relaxation functions;

G'(O) = - 00 '0 F'(O) = -~[K'(c)h(c, 0) + K(c)J,
go'l 'I

Here

h(c,8) = c-go(:o -I), (21)

and we have assumed that the relaxation functions f(s) and g(s) can be represented as

f(s) = exp ( -~), g(s) = go exp ( - :J
with 'I and '0 the characteristic mechanical and thermal relaxation times. Substituting
these relations in OS) and noting that behind the shock () = 0 r(c), we have that

1-(1') = __I_{go(0r _ l ) +~}(K'(C)h(C,0r)+K(C)[I-r(C+go)J}. (22)
~ENV '0 00 'f.

t A similar procedure is carried out in detail by Schuler and Walsh [5J in a study regarding the critical strain
gradient but using a mechanical model.
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The moduli EN and r can also be expressed in terms of the equilibrium functions and
K(e). Evaluating the stress and energy relations, (l7) and (20), for the jump history (5) we
can compute the instantaneous moduli (6}-(8):

(ET)I = (ET)E+1K"(e)h2(e, e)+2K'(e)h(e, e)+K(e),

AI = AE-~O[K'(e)h(e,e)+K(e)],
o

where

are the corresponding equilibrium moduli. Combining these relations with (10) and (11)
and again noting that e= °1(1') yields the desired results.

Clearly then, to complete the formulation we need to evaluate the functions (TE(e, e).
eE(e, e), K(e), V(e), 0 1(e), and the constants r E , roand go. As it turns out, these quantities can
be determined from data obtained by steady shock wave experiments, acoustic measure
ments and thermophysical properties measurements.

Material response functions

The plate-impact configuration has been used by Barker and Hollenbach [6] and by
Schuler [7] to generate steady one-dimensional strain waves in a solid polymeric material.
Using velocity interferometry, a time history of the particle velocity at a fixed location in
the target sample is obtained for each impact level. Each history associated with a steady
wave exhibits an instantaneous jump in particle velocity uI followed by a smooth tran
sition to an equilibrium value uE • Carrying out several tests over a range of impact levels
and corresponding velocities Vyields a set of measured values of V, ul and UE' from which
we can calculate, using a steady wave analysis [2,7], the stress and strain at the head and
the tail of a given wave. Thus, the stress at the head and the tail of the wave can be rep
resented as a least-squares polynomial fit of the strain:

(TI = O'I(e) = 11e+m1(;2+ nI(;3+ ,

(TE = O'E(e) IEe+mEe2+nEe3+ ,
(23)

with the coefficients corresponding to the equilibrium state (0, eo) ahead of the wave. The
coefficients I[ and IE are related to the instantaneous and equilibrium longitudinal sound
speeds byt

(24)

The function O'AB) represents the Hugoniot stress-strain curve for the material and the
shock velocity is determined byt

V2( ) _ O'I(e)Po e - --.
(;

tHereafter ( ). is used to denote evaluation of a function at the equilibrium state (0, 0.).
t Cf. Coleman, Gurtin and Herrera [8).

(25)
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(26)

(27)

(28)

The internal energy corresponding to the head and the tail of a steady shock wave
can be computed by

eE(f,) eo +laE(f,)8,

where el(O, Go) = eE(O, Go) = eo' Equation (26)1 is equivalent to (16) and, as we have already
indicated, it implies that the temperature and the strain immediately behind the shock
front are related. In view of the fact that at equilibrium, 0' 0'E(E, e), e = eE(f" e), (26h
implies that the temperature and the strain are also related at the tail of a steady shock,
i.e. e = 0 E(f,). Here we assume that the instantaneous and equilibrium temperature-strain
functions, 0 /(f,) and 0 E(f,), have the form

0 /(E) = Gop +a1f,+b/E 2
},

0 E(E) = Gop +aEe+bEf,2},

where, as we have shown elsewhere [2], the coefficients can be evaluated from instantaneous
energy deposition experiments involving a very low temperature rise [9] and from high
frequency acoustic wave experiments of the sound velocity as a function of temperature
and pressure [10].

The material function K(e) can now be calculated using (20), evaluated for the jump
history (5), and steady shock wave data:

K(e) = 2{eiE)-eE(e,0/(e))}
h(e, 0/(E)){h(f" 0/(E))+2go[0/(e)J/Oo}'

The form for the equilibrium response functions, O'E(e, e) and eE(e, e), is based upon an
explicit assumption for the equilibrium internal energy function:

eE(e,e) = eo+fo xE(O,w)dw+L(e)G(O), (29)
00

where L(O) = 0, G(Oo) = 1. Then, using the equilibrium counterparts of (1)-(3) along with
(29), the equilibrium stress function is found to be given by

(30)

The strain-dependent functions L(e) and M(e) can be evaluated from the results of steady
wave experiments, i.e. using (29) and (30) along with (26}z and (23}z :

L(E) = G(~E(e)) {ee(B)-eo i:EI<l xe(O, w) dW},

M(e) =0:(e){aE(e)+0E(e)L'(e) L:E

(£) G(w) dQ}

Using (30), it can be shown [2J that

1
0 w

G(e) = 1+ O('A)ooAE(O, w) dw.
00 0 Eo
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The remaining unknown functions xE(0, 8) and A E(0, 8) are evaluated from equilibrium
thermophysical properties data.

Finally, the mechanical relaxation time T. is obtained from acoustic datat while the
thermal relaxation time To is determined by obtaining the best overall agreement of a
steady wave analysis and experimentally observed steady wave profiles [2].

4. RESULTS FOR POLYMETHYL METHACRYLATE

As has been indicated in the above sections, and as one might expect, a not inconsider
able amount of material properties data is required to predict the shock amplitude be
havior in a polymeric solid including thermal effects. In this section we show the results
for the solid polymer, polymethyl methacrylate (PMMA). The strain dependence of the
critical strain gradient is evaluated and compared to the strain gradient behind the wave
measured directly from the experimental steady wave studies. Then, the amplitude vari
ation of several shock fronts is calculated for the case where the magnitude of the strain
gradient is (i) greater than and (ii) less than the critical strain gradient, assuming the strain
gradient behind the wave remains constant as the wave front amplitude varies.

Throughout this section we take 80 = 295°K. For PMMA the results of plate-impact
experiments by Barker and Hollenbach [6J and by Schuler [7J yield cubic fits for the
Hugoniot stress-strain functions given by (23).t From (24), with Po = 1·184 gm/cm 3

, the
sound speeds at the reference state are (C1)o = 2·763 mm/Ilsec, (CE)o = 2·731 mm/Ilsec.

The temperature dependence of the stress-temperature modulus AE(O, 8) is found from
the measured values of the equilibrium coefficient of linear thermal expansion {3E and the
equilibrium isothermal bulk modulus BE' Using data from Touloukian [12J for {3E(8) and
data from Heydemann and Guicking [13J for BE(8), AE(O, 8) can be represented by§

AE(0, 8) = 3BE(8){3E(8) = Ao+A18+A282+A383.

The specific heat is determined using the relation

where xE(8), the specific heat at fixed pressure, is obtained from data given by Touloukian
[12J; it can be represented byll

X~O, 8) = Xo+x18+ x 282 +x383
•

Using acoustic data obtained by Asay, Lamberson and Guenther [IOJ, and electron
beam data obtained by Perry [14J, we can calculate go = 0·191 as well as the coefficients
of the temperature-strain functions.~ Also, from acoustic and steady wave studies, we
have, for PMMA, T. = 0·221lsec and To = 0·10 Ilsec.

t The procedure for determining " from acoustic dispersion data is given by Nunziato and Sutherland [II].
t The values of the coefficients are: I, = 90-43 kbar, m, = 681·1 kbar, n, = -1396 kbar, IE = 88·37 kbar,

mE = 680·7 kbar, nE = - 2720 kbar.
§ The values of the coefficients are: Ao = 0·762 X 10- 2 kbarj"K, Al = 0·163 X 10- 4 kbarj"K 2 , A 2 = -1·14

X 10- 8 kbarj"K 3, A 3 = - 0.727 x 10- [0 kbarj"K 4.

II The values of the coefficients are: l<:o = -0·460 x 1O- 2 kbarj"K, l<:[ = 1·75x 1O- 4 kbarj"K 2 , l<:2 = -0·688
X 10- 6 kbarj"K3

, l<:3 = 0·106 X 10- 8 kbarj"K 4
•

~The coefficients in equations (27) for PMMA are: aE = 0·66, bE = -1·50, a, = 0·55, b, = -0·94.
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Figure 1 shows the shock amplitude dependence t: of several of the instantaneous
material functions; the isentropic tangent modulus EN' the shock velocity V, the tem
perature 01' and the stress-energy modulus r.
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FIG. I. Shock velocity, isentropic tangent modulus, temperature, and stress-energy modulus as functions
of strain amplitude for PMMA.

Critical strain gradient

We wish to compare the values of the critical strain gradient A(t:), calculated by (22),
with experimental studies, in particular, the steady shock wave studies using PMMA.
Since the waves were steady, the value ofthe strain gradient behind the wave should be the
critical strain gradient. Figure 2 shows the comparison. The solid line indicates the strain
dependence of A using the constitutive model, results of steady wave experiments, and
thermophysical data, as described above. Several steady wave experiments were made at
both the 0·02 and 0·04 levels of initial strain. The circles at these strain levels represent the
mean values of the strain gradients obtained graphically from the experimental data.t
The error brackets reflect not only the difference between the results for several tests at the
same nominal impact level, but also the difference in the graphical determination of the
slopes by three persons. There was only one steady wave experiment performed at the
0·03 level of initial strain and there was no variation in value of the critical strain gradient
determined. The correlation between the mean values of the experimental studies and the
calculated values is good.

The present values of Aare somewhat higher than the results for the purely mechanical
model obtained by Schuler and Walsh [9J and indicate the influence of the thermodynamic
effects on shock propagation in nonlinear polymeric materials.

In the limit of zero strain amplitude at the shock, the value of the critical strain gradient
has a magnitude twice that of the critical amplitude of an acceleration wave [1]. That
value determined from our results predicts a critical distance at which an acceleration

t Actually, since the experimental measurements represent time histories of particle velocity, the graphical
determination of the slope behind the wave front represents a critical acceleration A, which is related to A by
,1= AJV2
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FIG. 2. Comparison of calculated and experimentally determined critical strain gradient for PMMA
(solid line represents calculated values).

wave will (appear to) form a shock discontinuity in PMMA which IS consistent with
experimental observations (see Walsh and Schuler [15]).

Shock amplitude variation

Figure 3 shows the amplitude variation of a shock front of initial strain amplitude
G = 0·03 for several values of strain gradient behind the wave. For G = 0·03 the value of
the critical strain gradient is A. = -0·0132. Thus, assuming a value of strain gradient

~_-----------_ox•. -0.0150

40.0

---ox' . -0.0075

32.016.08.0

ox' . 0.0O.OL-__--'-__----' ...J..-__--J. -'-- --'

0.00

0.02

O. OJ

24.0

t (Ilsec)

FIG. 3. Strain amplitude at the shock as a function of time for several values of strain gradient behind
the wave; e(O) = 0·03.
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oxl: = - 0·015 should result in the wave amplitude increasing, which is the case. Of course,
as shown in Fig. 2, IAI increases as e increases, thus the rate of increase of amplitude de
creases, with the amplitude approaching the value e* = 0·034 for which A(e*) = -0·015.
Similarly, Oxl: = -0-0075 and axe = 0 result in a wave front of decreasing amplitude.
Clearly, axl: = ), results in a steady wave front with amplitude I: = 0·03. Although, in
general, the strain gradient behind the wave does not remain constant, this procedure does
give some indication of the type of behavior which might be expected (see Ref. [16]).

5. CONCLUSIONS

The results of the theoretical study of Chen and Gurtin indicate the existence of a
critical strain gradient for shock propagation in a general class of nonlinear viscoelastic
materials including thermodynamic influences. Here we use these results to determine the
critical strain gradient for a particular viscoelastic solid. A specific constitutive form was
used which has given favorable results in predicting steady wave behavior for shock waves
in the solid polymer, PMMA. The critical strain gradient calculated compares favorably
with that observed from steady shock wave experiments. As mentioned earlier, the con
sideration of thermodynamic influences yields values for the critical strain gradient some
what higher than those determined neglecting thermal effects.

We feel the correlation evident in these results provides some further verification with
regard to the determination of the material response functions and the results give further
insight into the behavior of shock waves in nonlinear viscoelastic solids.
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A6cTpaKT-nOClle,ll.Hble TeOpeTH'IeCKHe HCClle,ll.OBaHHlI KacalOumecli pacrrpoCTpaHeHHlI 0,ll.HOpa3MepHb1X
y,ll.apHbIX BOllH B HellHHellHblX B1I3KoyrrpyrHx MaTepHallax 06cYlK,ll.alOT BllHlIHHe rpa,ll.HeHTa ,ll.eljlopMaUHH
HenOCpe,ll.CTBeHHO nOClle pacnpocTpaHlilOlllerocli ljIpoHTa y.napa Ha aMnllHTY,ll.y BOllHb!. B oc06eHHocTI1,
nOBe.neHHe pocTa HllH 3aTyxaHHlI BOllHbl 3aBHCHT OT OTHocHTellbHoll BellH'IHHbl rpa,ll.HeHTa ,ll.eljlopMaW-lH
H Kplllllut/ec/w?o ,'padueuma /)effjopMGltUII, KOTOPbIlI Haxo.nHTCli B 3aBHCHMOCTH OT CBOllCTB pearHpOBaHHlI
MaTepHana. B pa60Te npHMeHlIlOTcli pe'yllbTaTbl JTHX HCClle,ll.OBaHHlI .nllll '1acTHoll onpe,ll.enlllOwell MO,ll.ellll
Wl TepMoB1I1Koynpyroro MatepHana. Orrpe,ll.emllOTClI KpHTH'lecKHlI rpa,ll.HeHT ,ll.eljlopMaUHH H ypaBHeHHe
aMnllHTYilbI Yilapa, B BH,ll.e ljIYHKUHlI xapaKTepHCTHK MaTepHana H TepMoljlH3H'leCKHX CBollCTB. nOKa1bIBa
IOTClI pe3YllbTaTbi ,ll.llll 'laCTHOro nOllHMepHoro TBep,ll.OrO Tella H cpaBHHBalOTClI C 3KcnepHMeHTallbHblMH
pe1YllbTaTaMI1 Allll cTauHoHapHol1 BOllHbI.


